A superatom picture of collective nonclassical light emission and dipole
  blockade in atom arrays by Williamson, L. A. et al.
A superatom picture of collective nonclassical light emission and dipole blockade in
atom arrays
L. A. Williamson,1 M. O. Borgh,2 and J. Ruostekoski1
1Department of Physics, Lancaster University, Lancaster LA1 4YB, United Kingdom
2Faculty of Science, University of East Anglia, Norwich NR4 7TJ, United Kingdom
(Dated: May 12, 2020)
We show that two-time, second-order correlations of scattered photons from planar arrays and
chains of atoms display nonclassical features that can be described by a superatom picture of the
canonical single-atom g2(τ) resonance fluorescence result. For the superatom, the single-atom
linewidth is replaced by the linewidth of the underlying collective low light-intensity eigenmode.
Strong light-induced dipole-dipole interactions lead to a correlated response, suppressed joint pho-
ton detection events, and dipole blockade that inhibits multiple excitations of the collective atomic
state. For targeted subradiant modes, nonclassical nature of emitted light can be dramatically
enhanced even compared with that of a single atom.
The first direct evidence for the quantum nature
of light was observed in resonance fluorescence of an
atom [1–5], defining a significant historical milestone in
quantum optics. Such quantum correlations can be iden-
tified by measuring the second-order correlation function
for the emitted field that represents a joint probability
of two photon detection events appearing a time τ apart
and can be defined as [6]
g2(τ) ≡ lim
t→∞
〈 : nˆ(t+ τ)nˆ(t) : 〉 − 〈nˆ(t)〉2
〈nˆ(t)〉2 , (1)
where : : denotes normal ordering and nˆ(t) is the number
operator for detected photons. Classically, g2(0) ≥ g2(τ);
hence g2(0) < g2(τ) implies quantum correlations in the
photon emission, and also defines antibunched photon
emission [7, 8].
Going beyond a single atom, in a noninteracting en-
semble atoms will emit photons independently, leading
to an adulteration of the single-atom photon antibunch-
ing that (neglecting interferences) scales inversely pro-
portional to the atom number N−1 [3, 9, 10]. Correlated
excitations for atomic ensembles have been observed for
highly-excited Rydberg atoms in the microwave regime.
The correlated response is generated by dipolar interac-
tions that inhibit transitions into all but singly-excited
states, representing the dipole blockade [11–16], with ap-
plications to scalable quantum logic gates.
In dense ensembles of cold atoms, also light-mediated
interactions between the atoms can lead to drastic and
unexpected phenomena [17–20] as multiple resonant scat-
tering events give rise to a correlated response. Corre-
lations can emerge even for the classical optical regime
in the limit of low light intensity (LLI) of an incident
laser [21, 22], and the quest for observing the effects of
strong light-mediated interactions is attracting consid-
erable attention [23–34]. Regular arrays of atoms are
particularly interesting for the exploration and manip-
ulation of collective optical responses, as more recently
studied also in the quantum regime [35–46]. Transmis-
sion resonance narrowing due to collective subradiance in
the classical limit in a planar optical lattice was already
observed [47] and other related experiments are rapidly
emerging [48].
Here we show that photon emission events from pla-
nar arrays and chains of atoms can still be described by
the single isolated atom picture, representing a collec-
tive response of the entire atomic ensemble as one super-
atom. By resonantly targeting LLI collective excitation
eigenmodes, we show that even at high light intensities
the many-atom joint photon emission g2(τ) displays the
same functional form as the single isolated atom g2(τ)
of Eq. (1), but with the single atom linewidth replaced
by the linewidth of the targeted LLI collective mode.
We find that for sufficiently small lattice spacings strong
light-induced interactions can increase antibunching by
establishing correlations between the atoms that repre-
sent inhibited multiple excitations of the collective state
of the atoms, or dipole blockade. Remarkably, for under-
lying LLI eigenmodes for which the resonance linewidth
is much narrower than the one for an isolated atom (sub-
radiance), the nonclassical nature of emitted light can be
dramatically enhanced to much longer time scales even
compared with those of a single atom.
We consider two-level atoms with the dipole matrix
element d, coupled by light-mediated interactions and
subject to an incident laser field. The atom dynamics in
the rotating-wave approximation follows from the many-
body quantum master equation (QME) for the reduced
density matrix [49–51],
dρ
dt
=− i
~
∑
j
[Hj , ρ] + i
∑
j`( 6`=j)
∆j`[σˆ
+
j σˆ
−
` , ρ]
+
∑
j`
γj`
(
2σ−j ρσ
+
` − σ+` σ−j ρ− ρσ+` σ−j
) (2)
with the atomic operators σˆ+j = (σˆ
−
j )
† = |e〉jj〈g|, σˆeej =
σˆ+j σˆ
−
j , for ground |g〉j and excited |e〉j states of atom j
located at rj and
Hj ≡ −~δσˆeej − d · E+(rj)σˆ+j − d∗ · E−(rj)σˆ−j . (3)
ar
X
iv
:2
00
5.
04
29
9v
1 
 [p
hy
sic
s.a
tom
-p
h]
  8
 M
ay
 20
20
2We take the positive-frequency component E+(r) =
1
2E0eik·reˆ of the laser field to be a plane wave of frequency
ω = kc and wavevector k, detuned from the single-atom
transition frequency ω0 by δ ≡ ω − ω0. The light and
atomic field amplitudes are here defined as slowly vary-
ing with the rapid oscillations at the laser frequency
factored out. The light-mediated interactions between
the atoms has both a coherent ∆j` and dissipative γj`
[γjj = γ ≡ |d|2k3/(6pi~0) is the single atom linewidth]
contribution, which are the real and imaginary parts, re-
spectively, of d∗ · G(rj − r`)d/~0, with G(r) the dipole
radiation kernel of a point dipole at the origin [51, 52].
In the limit of LLI the dynamics reduces to that of
classical coupled dipoles [53, 54]. In this regime we may
describe [51] the optical response using LLI collective ra-
diative excitation eigenmodes um of Hj` = ∆j` + iγj`
(with ∆jj ≡ 0), with the complex eigenvalues ζm + iυm
representing the collective linewidth υm and line shift ζm
from the single-atom resonance. The linewidths can span
many orders of magnitude, from extremely subradiant to
superradiant [29, 55, 56].
To calculate the rate of the detected photons for the
second-order correlation function g2(τ) of Eq. (1) we
assume all the scattered photons are detected and in-
tegrate nˆ(t) = (20c/~ω0)
∫
S
dS Eˆ−sc(r, t) · Eˆ+sc(r, t) over
a closed surface enclosing the atoms to give nˆ =
2
∑
j` γj`σ
+
j σ
−
` [51], where 0Eˆ
+
sc(r, t) =
∑
j G(r −
rj)dσˆ
−
j (t) denotes the scattered electric field summed
over all the atoms. For a single isolated atom, a closed
expression for g2(τ) can be derived analytically and is
given by [1, 57],
g
(γ,κ)
2 (τ) ≡ −e−3γτ/2
(
coshκγτ +
3
2
sinhκγτ
κ
)
, (4)
where κ ≡ 12
√
1− 8Iin/Is, and Iin ≡ 0c|E0eˆ · dˆ|2/2
and Is ≡ ~ck3γ/6pi are the incident light and satura-
tion intensities, respectively. For g
(γ,κ)
2 (0) = −1 and
limτ→∞ g
(γ,κ)
2 (τ) = 0; a single isolated atom therefore
shows photon antibunching, a manifestation of the fact
that an atomic energy level can contain at most a single
excitation.
For the many-body system, g2(τ) [Eq. (1)] in gen-
eral needs to be evaluated by first solving the QME
(2) numerically. The existence of nonclassical effects
for a many-atom ensemble is less obvious than in the
single-atom case. This can be illustrated by a simple
counting example of N independently emitting, non-
interacting atoms: Neglecting interferences then yields
g2(0) = N
−1g(γ,κ)2 (0), indicating a rapidly reduced pho-
ton antibunching as a function of the atom number, as
photons from independently emitting atoms wash out the
correlations.
For the case of strong cooperative coupling of closely-
spaced atoms we have a strongly-correlated quantum
many-body system with long-range dipole-dipole inter-
FIG. 1. Superatom picture and nonclassical light scattering
for a 3×3 atom array with a drive field resonant with (a) the
uniform superradiant (υ ≈ 7.6γ, a = 0.1λ) and (b) a subradi-
ant (υ ≈ 0.13γ, a = 0.05λ) LLI collective eigenmode; g2(τ) for
the full quantum solution (blue solid line), superatom (black
dashed line), and single isolated atom (black dotted line), with
NIin = 2Is. The red star marks the noninteracting, inter-
fering result of g2(0), showing that interactions substantially
enhance photon antibunching. For subradiant mode the non-
classical emission is enhanced compared with a single atom.
Insets show the corresponding photon detection rates.
actions. While we have also numerically calculated g2
for such situations, our key observation is that for sev-
eral strongly-correlated regimes of interest, Eq. (4) re-
markably can still provide a qualitative description for
emitted photon correlations that also exhibit nonclassical
scattered light and inhibited multiple excitations (dipole
blockade) even for increasing atom numbers. This is be-
cause atoms collectively respond as one giant superatom,
where effectively the single-particle resonance linewidth
is replaced by the resonance linewidth of the dominant
underlying LLI collective excitation eigenmode.
The dominant eigenmode in a regular array is deter-
mined by the resonance frequency and phase-matching
profile with the incident field. We find then that the
many-body g2(τ) obeys a functional form analogous to
Eq. (4),
g2(τ) ≈ |g2(0)|g(υ,κ
′)
2 (τ), (5)
where υ = υ` is the linewidth of the resonant LLI eigen-
mode u` (found by diagonalising Hj` [51]) and κ′ ≡
1
2
√
1− 8IIin/I ′s, with I ′s ≡ ~ck3υ/6pi. The overlap of
the drive field with u`, I = |
∑
j e
−ik·rju`(rj)|2, repre-
sents the sum of the coupling strengths of light over all
the atoms and can for uniform targeted modes with per-
fect phase-matching be replaced by N , reflecting the col-
lective N -enhancement of the response. For more com-
plex drive field profiles, the expression for I is modi-
fied accordingly. There is an overall normalization in
Eq. (5) by |g2(0)| that accounts for nonclassical light
emission at zero delay due to many-body correlations.
When |g2(0)| > N−1, these are enhanced compared to
the noninteracting, noninterfering case.
In the numerics, we consider 2D square arrays of atoms
in the xy plane and 1D chains along the x axis, with the
incident light direction kˆ = zˆ, polarized along the atomic
dipoles dˆ = xˆ. We solve the QME by directly integrating
3Eq. (2) or by unraveling the evolution into stochastic
quantum trajectories of state vectors [51, 58–61].
We demonstrate nonclassically scattered light from a
strongly interacting 3 × 3 planar array of atoms in the
two-time correlation function in Fig. 1, where the non-
classicality of the photon emission is strongly enhanced
due to interactions. This corresponds to inhibited multi-
ple excitations of the collective atomic state due to light-
mediated dipole-dipole interactions, representing dipole
blockade of optical transitions, analogous to collective
suppression of microwave Rydberg excitations [12]. The
drive, which is uniform across the plane, couples most
strongly to the most superradiant LLI eigenmode with
no phase variation across the atoms. We show that the
superatom picture (SAP) [Eq. (5)] provides an excellent
description of g2(τ) for light resonant with this mode
(υ ≈ 7.6γ, I ≈ 0.98N) [Fig. 1(a)]. The antibunching
delay time is much shorter than that of a single atom.
The incident light can also be tuned to target a sub-
radiant eigenmode. Here we consider the eigenmode
with the third broadest resonance, with υ ≈ 0.13γ and
I ≈ 0.016N . We find that the SAP again accurately
describes the dynamics [Fig. 1(b)]. The mode is ap-
proximately u`(rj) ≈ 1.38 cos(piyˆ · rj/a) − 0.13 with the
constant arising from the nonorthogonality of the eigen-
modes. The linewidths of the superradiant and subradi-
ant eigenmodes differ by two orders of magnitude, result-
ing in very different responses, and in both cases radically
departing from the single-atom result. The substantially
larger values of |g2(0)| compared to those of noninter-
acting atoms show enhanced antibunching due to inter-
actions. In the subradiant case nonclassical effects are
enhanced compared even with those of a single atom,
with the nonclassical delay time of g2 approximately 10
times larger than that of a single atom.
The SAP also provides an excellent description of the
transient photon scattering rate 〈nˆ(t)〉 (insets to Fig. 1
and Fig. S1 in [51]). The SAP for the photon scattering
rate is 〈nˆ(t)〉 ≈ n(υ,κ′)(t), where n(γ,κ)(t) ≡ [Iin/(Iin +
Is)][1+g
(γ,κ)
2 (t)] is the photon scattering rate for a single,
isolated atom [57, 62].
The suppressed short-delay joint photon detection
events in g2 represent dipole blockade that inhibits mul-
tiple excitations of the collective atomic state, as illus-
trated in the excited state atom number distributions
(Fig. 2). Already for a 2×3 array the multiple excitation
probability remains very low at small spacings. While
the single excitation weights are high, e.g., for a = 0.05λ
the two-excitation weight is . 10−5 at NIin/Is = 2, but
rapidly increases to 0.1 for a = 0.5λ, as the antibunching
are reduced and the dipole blockade removed. The origin
of the blockade can be understood also in the excitation
spectrum P (Ω) ∝ ∫ dτ eiΩτ∑j` γj`〈σˆ+j (t+ τ)σˆ−` (τ)〉 [in-
set to Fig. 3(b)] that shows how the second photon exci-
tation is shifted due to the dipole-dipole interactions.
The accuracy and the regimes of validity of the
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FIG. 2. Dipole blockade by the occupation weights of states
with n = 1 and 2 excited atoms as a function of the lattice
spacing a in a 2 × 3 array, with (a) the superradiant, (b)
subradiant LLI eigenmode targeted. For small a, n = 2 states
are suppressed by the blockade, regardless of intensity, but the
blockade is weakened for larger a and the occupation increases
dramatically while the weight of n = 1 states changes little
in comparison. (a) NIin = 2Is: blue circles (n = 1) and
red squares (n = 2), NIin = 18Is: yellow diamonds (n = 1)
and purple triangles (n = 2); (b) NIin = 0.5Is: blue circles
(n = 1) and red squares (n = 2).
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FIG. 3. Validity of the superatom picture and the effect of
position fluctuations of the atoms for a field resonant with the
uniform superradiant LLI mode. (a) Relative error η of the
SAP as a function of lattice spacing (bottom axis) for a 3× 3
atom array at NIin = 0.08Is (blue circles) and NIin = 2Is
(red diamonds), and as a function of atom number (top axis,
crosses) for a chain at a = 0.15λ, NIin = 0.08Is; (b) posi-
tion fluctuations of the atoms improve the accuracy of SAP
(a = 0.2λ, 2 × 3 array): fixed atoms (blue solid line), the
rms Gaussian density width 0.1a (yellow dashed-dotted line)
at each lattice site, superatom (black dashed line), and single
atom (black dotted line). The red star marks the noninter-
acting, interfering result of g2(0). Inset: Power spectrum for
a 2 × 3 array (Iin = 2Is, a = 0.08λ) showing a superradiant
central peak (SAP result: dashed line) with additional small
excitations far off resonance.
SAP in both planar arrays and chains are analyzed in
Fig. 3. The uniform phase profile of the drive across the
atoms most strongly couples to the superradiant, uni-
form eigenmode, and we show the relative deviations
η ≡ maxτ<τ0 |g2(τ)/g2(0) − g(υ,κ
′)
2 (τ)| (calculated un-
til τ0, such that for all τ . τ0, g2(τ) < 0; see also
Fig. S2 [51]). The SAP describes the behavior of g2(τ)
very well for a . 0.1λ and remains qualitatively accu-
rate up to a ∼ 0.2λ, irrespective of light intensity. For
a & 0.2λ, however, the SAP deviates from g2(τ). The
deviations as a function of N in Fig. 3(a) show how the
accuracy of the SAP decreases gradually in larger sys-
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FIG. 4. Enhanced antibunching due to quantum correlations
of light-induced dipole-dipole interactions in a 9-atom chain
and 3 × 3 array. (a) g2(0) for a chain as a function of lat-
tice spacing (inset: array) with noninteracting atoms (dashed
line); (b) g2(0) as a function of atom number for a chain with
a/λ = 0.05 (blue circles), 0.08 (yellow squares), 0.11 (green
diamonds), 0.16 (red stars), 0.39 (orange right-pointing tri-
angles), and 0.6 (purple left-pointing triangles), with nonin-
teracting, noninterfering atoms (dashed line). Solid lines are
guides for the eye.
tems.
Increasing deviations for large values of τ for a & 0.2λ
are due to the presence of a persistent oscillation [a
weak oscillation is also visible in Fig. 1(a)]. To un-
derstand this behavior, we look at the steady-state oc-
cupations of the LLI modes for 〈σ−j 〉, defined as [63]
Lm ≡
∑
j |um(rj)〈σ−j 〉|2/
∑
j` |u`(rj)〈σ−j 〉|2. The pres-
ence of the persistent oscillation coincides with a simulta-
neous nonnegligible occupation of two eigenmodes. One
can then qualitatively understand the effect of the two-
mode interference from the linear combination
g2(τ) ≈ |g2(0)|
[
bg
(υ1,κ
′)
2 (τ) + (1− b)g(υ2,κ2)2 (τ)
]
, (6)
where the increasing contribution from the less radiant
mode with increasing lattice spacing leads to deviations
from the simple SAP at large τ .
For atoms in optical lattices proposals exist to produce
a tight atom confinement [64], but generally the atomic
positions fluctuate. We can take into account the position
fluctuations in the numerics by ensemble-averaging over
many stochastic realizations of randomly sampled atom
positions in each lattice site [55]. We find in Fig. 3(b)
that the accuracy of the superatom picture increases due
to the fluctuations, as the oscillations resulting from the
second eigenmode contribution are washed out. However,
increasing position fluctuations eventually also start de-
creasing |g2(0)|.
The normalization of the SAP two-time correlation
function at zero delay g2(0) in Eq. (5) represents the
strength of nonclassical and correlated light emission of
the atoms. For noninteracting atoms in the absence of
multiple scattering, interference effects only slightly mod-
ify the result g2(0) = −1/N . Strong light-mediated cor-
relations, however, can substantially shift the value of
g2(0), directly reflected in the antibunching of the emit-
ted photons. In Fig. 4(a) we show g2(0) as a function of
lattice spacing and atom number, with the drive tuned to
the uniform LLI eigenmode. We find that light-mediated
interactions enhance the nonclassical nature of light for
small lattice spacing (up to a . 0.15λ), which coincides
with the regime where the SAP shows good accuracy
over all values of τ . For chains with large lattice spacing
(a & 0.5λ), light-mediated interactions between atoms
are no longer sufficient to establish collective correla-
tion effects, and g2(0) follows the noninteracting, non-
interfering scaling g2(0) = −N−1 [Fig. 4(b)], with small
or absent antibunching. In denser arrays, however, we
find that nonclassical collective effects persist also as the
atom number increases. For example, a dense chain with
a = 0.05λ still shows a large negative g2(0), correspond-
ing to highly nonclassical photon emission for N = 9.
The classic two-time correlation function (1) for joint
photon emission events from a single atom reveals non-
classical resonance fluorescence of light [1, 57]. Here we
showed that the same functional form also describes emis-
sion from strongly coupled arrays of atoms, represent-
ing a superatom picture of correlated many-atom reso-
nance fluorescence. For a single atom the suppression
of joint photon emission events is a direct consequence
of the fermionic statistics with (σˆ±)2 = 0 for the sin-
gle excitation; after the photon emission the electron is
in the ground state and cannot re-emit before being ex-
cited again. For a many-atom system, the antibunching
with g2(0) ' −1 similarly represents the presence of only
one excitation, where multiple excitations are inhibited
by dipole blockade; fermionic character of multiple pho-
ton excitations was identified also in chains of atoms in
waveguides with links to the Lieb-Liniger model [37].
In the superatom picture of many-atom resonance flu-
orescence the strength of the correlations can surpris-
ingly be determined by the underlying LLI collective ex-
citation eigenmodes, even when the atoms are strongly
driven by the incident laser. Such an effective collective
description is quite different from representing the opti-
cal response of an atomic ensemble in the limit of LLI
by collective modes. For example, using a classical lin-
ear oscillator model of atoms, a weakly excited planar
array of atoms can be described as an effective two-level
superatom where each level corresponds to the driven
eigenmode of the system [63, 65]. However, our analysis
of the g2(τ) correlations illustrates how relatively simple
and intuitive representations could possibly more gener-
ally be extended to understand strongly-correlated many-
body phenomena in quantum optics far beyond linearly
responding coupled classical dipoles.
We have become aware of a related parallel theoreti-
cal work on the calculation of dipolar blockade in atom
chains in Ref. [66]. We acknowledge financial support
from EPSRC.
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S.A. Formalism
The dynamics in the interaction picture for an array of N
two-level atoms driven by a coherent laser field is described
by the many-body quantum master equation (QME) for the
reduced density matrix ρ [S1, S2],
dρ
dt
= − i
~
∑
j
[H j, ρ] + i
∑
j`(`, j)
∆ j`[σˆ+j σˆ
−
` , ρ]
+
∑
j`
γ j`
(
2σ−j ρσ
+
` − σ+`σ−j ρ − ρσ+`σ−j
)
.
(S1)
Here σˆ+j = (σˆ
−
j )
† = |e〉 j j〈g|, σˆeej = σˆ+j σˆ−j are the atomic
raising (lowering) and excited state population operators, with
ground |g〉 j and excited |e〉 j states of atom j. The Hamiltonian
operator
H j ≡ −~δσˆeej − d · E+(r j)σˆ+j − d∗ · E−(r j)σˆ−j . (S2)
describes the dynamics of a single atom at position r j with the
dipole moment d ≡ Ddˆ. Here D is the reduced dipole ma-
trix element that we assume is real without loss of generality.
The atoms are driven by a plane-wave drive with positive fre-
quency component E+(r) = 12E0eik·reˆ = [E−(r)]∗. The drive
field frequency ω is detuned from the single-atom transition
frequency ω0 by δ ≡ ω − ω0. Here the atomic and light fields
are slowly varying, such that the rapidly rotating phase fac-
tors e±iωt are removed by moving into an interaction picture
and making the rotating wave approximation (by omitting the
fast co-rotating terms σˆ−me2iωt, σˆ+me−2iωt). The single-atom dy-
namics is thus described by H j together with the decay terms
γ(2σ−j ρσ
+
j − σ+jσ−j ρ − ρσ+jσ−j ), where γ ≡ D2k3/(6pi~0) is
the single atom Wigner-Weisskopf linewidth.
The scattered light is given as a sum of the scattered light
from all the atoms
0Eˆ+sc(r, t) =
∑
j
G(r − r j)dσˆ−j (t) (S3)
where the dipole radiation kernel [S3],
G(r)d = −dδ(r)
3
+
k3
4pi
{
(rˆ × d) × rˆe
ikr
kr
− [3rˆ (rˆ · d) − d]
[
i
(kr)2
− 1
(kr)3
]
eikr
}
, (S4)
represents the monochromatic positive frequency component
of the scattered light at r from the dipole d located at the ori-
gin. The interaction terms in Eq. (S1) arise from each atom j
being driven by the light scattered from all other atoms ` , j.
These radiative dipole-dipole couplings have coherent ∆ j` and
dissipative γ j` contributions given by the real and imaginary
parts of
∆ j` + iγ j` =
1
~0
d∗ · G(r j − r`)d. (S5)
Note that Eq. (S5) gives γ j j = γ. A proper calculation of ∆ j j
would involve evaluation of the Lamb shift, and we assume
this is incorporated to the single-atom detuning δ.
The total field at position r is given as a sum of the inci-
dent field E+(r) and the scattered light Eˆ+sc(r, t). We assume
that the incident field has been blocked before detection, for
example by a thin wire as in the dark-ground imaging tech-
nique of [S4]. Hence only the scattered field is detected, with
intensity
Isc(r, t) = 20c〈Eˆ−sc(r, t) · Eˆ+sc(r, t)〉. (S6)
Integrating the scattered intensity over the detector surface
S gives the total count rate, which is the expectation value of
the operator
nˆ(t) =
20c
~ω0
∫
S
dS Eˆ−sc(r, t) · Eˆ+sc(r, t) =
∑
j,`
Imnσˆ+j (t)σˆ
−
` (t).
(S7)
with interference integrals
I j` ≡ 2c
~0ω0
∫
S
dS
[
G(r − r j)d
]∗
G(r − r`)d (S8)
We assume the detector lies in the radiation zone kr 
1, hence we can expand the dipole radiation kernels to ob-
tain [S5]
I j` =
3γ
4pi
∫
S
dθdφ sin θ
(
1 − |rˆ · dˆ|2
)
eikrˆ·(r j−r`)
= 2γ j`.
(S9)
Hence we arrive at
nˆ(t) = 2
∑
j`
γ j`σˆ
+
j (t)σˆ
−
` (t) (S10)
for the photon-number operator.
S.B. Single-atom physics
For a single isolated atom, both the photon detection rate
〈nˆ(t)〉 and the second-order correlation function g2(τ) can be
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2evaluated analytically to yield [S6–S9]
〈nˆ(t)〉 = Iin
Iin + Is
[
1 − e−3γτ/2
(
cosh κγτ +
3
2
sinh κγτ
κ
)]
g2(τ) = −e−3γτ/2
(
cosh κγτ +
3
2
sinh κγτ
κ
) (S11)
The parameter κ = 12
√
1 − 8Iin/Is depends on the ratio of the
incident intensity to the single atom saturation intensity, and
determines the spectral properties of the atom [S10]. For low
incident light intensity Iin  Is, Eqs. (S11) are dominated by
a term proportional to the single decay e−γt. Here the sin-
gle atom linewidth exceeds the single atom Rabi frequency
γ
√
2Iin/Is and Rabi oscillations are suppressed. Conversely,
when Iin & Is, the parameter κ is imaginary and hence both
the photon scattering rate and g2(τ) display decaying Rabi os-
cillations.
S.C. Limit of low light intensity
A consistent low light intensity (LLI) theory of Eq. (S1),
can be obtained [S11] from the equations of motions by re-
taining terms containing at most one of either σ±j or the inci-
dent field amplitude. The only remaining equations of motion
for the expectation values of atomic operators from Eq. (S1)
are those for 〈σ±j 〉, which in the LLI are,
d〈σ−j 〉
dt
= i
∑
`
H j`〈σ−` 〉 + i
d · E+(r j)
~
(S12)
withH j` ≡ ∆ j` + iγ j` (for j , `) andH j j ≡ δ + iγ (recall that
γ j j = γ). Hence the atom dynamics evolves linearly in terms
of the drive. Here we expand the complex symmetric matrix
H j` in a complete basis of eigenstates um, m = 1, ...,N, which
are the LLI collective eigenmodes,∑
`
H j`um(r`) = (ζm + iυm)um(r j), (S13)
where the imaginary part, υm, of the eigenvalue gives the col-
lective linewidth of the eigenmode um and the real part the line
shift ζm from the single-atom resonance. Note that the eigen-
states um are not necessarily orthogonal, however, they do sat-
isfy the biorthogonality condition
∑
j um(r j)un(r j) = δmn (after
appropriate normalization of the um) apart from possible rare
cases when
∑
j um(r j)um(r j) = 0.
Given some steady-state values for the 〈σ−j 〉, a measure of
the occupation of the LLI collective mode um is given by [S12]
Lm ≡
∑
j |um(r j)〈σ−j 〉|2∑
n j |un(r j)〈σ−j 〉|2
. (S14)
S.D. Quantum trajectories
A direct way to solve the QME (S1) is via matrix expo-
nentiation of the density-matrix evolution operator. This is
convenient for small atom numbers. For larger systems, how-
ever, the size of the density matrix becomes prohibitively large
(∼ 22N). A more profitable scaling is to employ the Monte
Carlo wavefunction method of quantum trajectories [S13–
S16]. The evolution of the density matrix is then represented
as the ensemble average of many individual realizations of
the evolution of a many-body wavefunction ψ(t), whose size
scales as ∼2N , under a non-Hermitian Hamiltonian operator
HS − i~2
∑
j
Jˆ†j Jˆ j, (S15)
where Jˆ j are jump operators derived from the dissipative terms
of QME and HS represents Hermitian Hamiltonian evolution.
Incoherent evolution is incorporated via stochastic quantum
jumps that happen with a probability proportional to the loss
of norm of the wavefunction as it evolves under (S15). One
can show that this formalism is exactly equivalent to QME for
the operator expectation values [S16].
A many-body system supports multiple decay channels and
unraveling of the QME into an explicit mixture of pure states
subject to stochastic evolution can be done in several differ-
ent ways, corresponding to different constructions of the jump
operators, as long as the full incoherent evolution in Eq. (S1)
is accounted for. For the driven array of two-level atoms of
the QME (S1) we follow here the “source-mode” quantum
trajectory formalism [S5, S17]. In the single-excitation limit,
these jumps correspond to the emission of photons, while their
physical interpretation is more convoluted at sufficiently high
light intensities to cause multiple excitations when the jump
operators become formal constructions that do not necessarily
correspond to any specific measurement record. They, how-
ever, provide a straightforward mapping of Eq. (S1) to the evo-
lution of quantum trajectories of state vectors.
To formulate the source-mode jump operators, the matrix
γ j` is diagonalized to find its eigenvalues λ j and the corre-
sponding eigenvectors b j = (b1 j, . . . , bN j)T . The jump opera-
tors are then defined as
Jˆ j =
√
λ jbTj Σˆ, Jˆ
†
j =
√
λ jΣˆ
†b j, (S16)
where
Σˆ =

σˆ−1
...
σˆ−N
 , Σˆ† = (σˆ+1 , . . . , σˆ+N) . (S17)
Then defining
HS =
∑
j
H j + ~
∑
j`(`, j)
∆ j`σˆ
+
j σˆ
−
` , (S18)
the problem has been cast in the form of quantum trajecto-
ries and the corresponding non-Hermitian Hamiltonian for the
wavefunction evolution follows from Eq. (S15). The quantum
trajectory evolution can then be evaluated as described in, e.g.,
Ref. [S18]. Thanks to the source-mode unraveling, the dissi-
pative component of Eq. (S1) is now diagonal in the jump
operators Jˆ j, which is computationally expedient. Further, the
3FIG. S1. Transient dynamics of the photon detection rate for a 3 × 4
atom array with a drive field resonant with (a) the uniform super-
radiant (υ ≈ 9.3γ, I ≈ 0.98N) and (b) a subradiant (υ ≈ 0.11γ,
I ≈ 0.015N) LLI collective eigenmode, with NIin = 2Is, a = 0.1λ.
The full quantum solution (blue solid line) agrees very well with the
superatom (black dashed line); black dotted line shows the single
isolated atom solution. The gray shading gives the standard error
from ∼ 104 quantum trajectories. Interestingly, examining just the
incoherent contribution to the scattering rates in (b) gives even better
agreement between the SAM and full quantum solution.
0 0.1 0.2
0
0.2
0.4
0 0.5 1
-1
-0.5
0
FIG. S2. Relative error η of the superatom picture as a function
of lattice spacing for a field resonant with the uniform superradi-
ant LLI mode for a 3 × 3 atom at NIin = 0.08Is (blue circles)
and NIin = 2Is (red diamonds). Unfilled markers show results for
η ≡ max |g2(τ)/g2(0) − g(υ,κ′)2 (τ)|τ<τ0 , where the deviation is calcu-
lated until τ0, such that for all τ . τ0, g2(τ) < 0, while filled markers
for η ≡ max |g2(τ)/g2(0) − g(υ,κ′)2 (τ)|all τ. The two deviate at a ∼ 0.2λ
due to a persistent oscillation arising from a second mode at larger τ.
Inset: Example g2(τ) for a = 0.08λ (blue dotted curve) and a = 0.17λ
(red solid curve) compared to the SAP results (black dashed curves),
with the larger lattice spacing showing an oscillation.
stochastic wavefunction evolution requires exponentiating a
matrix of size 22N , as opposed to the 24N matrix governing the
density matrix evolution, providing a significant numerical ad-
vantage as the system size increases beyond a few atoms.
[S1] R. H. Lehmberg, “Radiation from an N-Atom System. I. Gen-
eral Formalism,” Phys. Rev. A 2, 883–888 (1970).
[S2] G. S. Agarwal, “Master-equation approach to spontaneous
emission,” Phys. Rev. A 2, 2038–2046 (1970).
[S3] John David Jackson, Classical Electrodynamics, 3rd ed. (Wi-
ley, New York, 1999).
[S4] MR Andrews, M-O Mewes, NJ Van Druten, DS Durfee,
DM Kurn, and W Ketterle, “Direct, nondestructive observa-
tion of a Bose condensate,” Science 273, 84–87 (1996).
[S5] HJ Carmichael and Kisik Kim, “A quantum trajectory unrav-
eling of the superradiance master equation,” Opt. Commun.
179, 417–427 (2000).
[S6] B. R. Mollow and M. M. Miller, “The damped driven two-
level atom,” Ann. Phys. 52, 464–478 (1969).
[S7] H J Carmichael and D F Walls, “Proposal for the measurement
of the resonant Stark effect by photon correlation techniques,”
Journal of Physics B: Atomic and Molecular Physics 9, L43–
L46 (1976).
[S8] HJ Carmichael and DF Walls, “A quantum-mechanical master
equation treatment of the dynamical Stark effect,” J. Phys. B:
At. Mol. Phys. 9, 1199 (1976).
[S9] H. J. Kimble and L. Mandel, “Theory of resonance fluores-
cence,” Phys. Rev. A 13, 2123–2144 (1976).
[S10] B. R. Mollow, “Power spectrum of light scattered by two-level
systems,” Phys. Rev. 188, 1969–1975 (1969).
[S11] Janne Ruostekoski and Juha Javanainen, “Quantum field the-
ory of cooperative atom response: Low light intensity,” Phys.
Rev. A 55, 513–526 (1997).
[S12] G. Facchinetti, S. D. Jenkins, and J. Ruostekoski, “Storing
light with subradiant correlations in arrays of atoms,” Phys.
Rev. Lett. 117, 243601 (2016).
[S13] Jean Dalibard, Yvan Castin, and Klaus Mølmer, “Wave-
4function approach to dissipative processes in quantum optics,”
Phys. Rev. Lett. 68, 580–583 (1992).
[S14] L. Tian and H. J. Carmichael, “Quantum trajectory simula-
tions of two-state behavior in an optical cavity containing one
atom,” Phys. Rev. A 46, R6801–R6804 (1992).
[S15] R. Dum, P. Zoller, and H. Ritsch, “Monte carlo simulation of
the atomic master equation for spontaneous emission,” Phys.
Rev. A 45, 4879–4887 (1992).
[S16] Klaus Mølmer, Yvan Castin, and Jean Dalibard, “Monte
Carlo wave-function method in quantum optics,” J. Opt. Soc.
Am. B 10, 524–538 (1993).
[S17] J. P. Clemens, L. Horvath, B. C. Sanders, and H. J.
Carmichael, “Collective spontaneous emission from a line of
atoms,” Phys. Rev. A 68, 023809 (2003).
[S18] Janne Ruostekoski, M. J. Collett, Robert Graham, and Dan F.
Walls, “Macroscopic superpositions of bose-einstein conden-
sates,” Phys. Rev. A 57, 511–517 (1998).
